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Introduction

HE longitudinal edge effect associated with a sharp drop

in the magnetic field when entering and leaving the
channel of an MHD generator results in the formation of
closed current loops (Fig. 1a), which reduce the net generator
output, increase Joule losses, and reduce the generator ef-
ficiency. It was suggested by Sutton! that the longitudinal
edge effect be attenuated by placing nonconducting partitions
at the inlet and exit of the electrode zone. ‘

A specific inhomogeneity of the electric current, the so-
called ““transverse edge effect,”’ also arises in the channel
cross section when, as a result of nonuniformity of the
velocity in the direction of the magnetic field, a part of the
current forms a closed loop over the boundary layers near
nonconducting walls (Fig. 1b).

We suggest in this study that nonconducting baffles,
parallel to the magnetic field and adjoining the insulated
walls, be placed in the electrode region of the generator. By
analogy with the partitions employed by Sutton,! such a
placement of baffles just will attenuate the shunting currents
flowing along boundary layers at the insulated walls of the
channel (Fig. 1b).

Problem Statement and Solution

We consider a rectangular channel with walls x= +¢« in-
sulated and walls y = = 4 serving as electrodes. An electrically
conducting fluid with constant conductivity o and specified
velocity V' =[0,0, — V,u, (x)] flows in the channel. Here V, is
some characteristic velocity, u,(x) is a dimensionless func-
tion, even in x and such that », ( £a)=0and

] a
=5 | wptodv=1

The channel is placed in a constant magnetic field
B= (B,,0,0). Nonconducting baffles aa< Ix}<a, 0=a=<l
are placed in the plane y =0 (Fig. 1b). The channel is assumed
to be infinitely long and all the variables are taken to be in-
dependent of the coordinates of flow direction.

Transforming to dimensionless quantities, we write Ohm’s
law for the density of the electric current projected on the
coordinate axes

Jy=—0¢/3x, j,=—00/3y—u,(x) 1)
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Here the channel height A, oV, B,, and V,B,h are, respec-
tively, the reference quantities for the x and y coordinates,
current density j and electric potential ¢.

Since divj=0, the electric potential ¢ (x,y) satisfies the
Laplace equation with boundary conditions:

d¢

— =0 at y==+1, Ixl<a/h 2)
ox

a

9¢ =0 at x==+xa/h, lyl<l 3)
ax

a¢

= —uy(x) at aa/h< Ixl<a/h 4)

Electric potential ¢ {x,y) is a harmonic function, odd in y
and, consequently, it suffices to solve the problem for the top
half of the channel. We conformally map the top half of the
channel onto the top half plane w=u+iv (Fig. 2). Such a
conformal transformation is implemented by the elliptical
integral?

w dr )
zzcgo [(1—£) (I-k2))"

For a given value of ratio a/h the constants C and k can be
found from equations a/h=K(k)/K(k’), 1 =CK(k').Here

! dr
o [(I=1)Y(I-Kk12)]"

K(k)=§

is a complete elliptical integral of the first kind and
k?+k’?=1,0<k<]. The constant « specifies the size of the
baffle and the value of ¢ which *‘is responsible”’’ for the size of
the baffle in the w plane is found from correspondence of

points Q—gq

‘m—cgq dr 0<q<I ©)
o b la=eyu-kieyn

Harmonic function ¢ (x,y) under transformation (5)
becomes the harmonic function ¢ (w,v) satisfying the
following boundary conditions

23
;¢=0 at lul<gq, v=0 )
du

a¢ C

—¢=—ﬁ0- 5 T at g<lul<l, v=0

dv [(I—u?)(I—k2u?)]" 8a)

By(2)
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Fig. 1 a) Longitudinal edge effect; b) transverse edge effect.
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i =0 at lul>1/k, v=0 )
ou

Here function &, (u#) is the image of function u,(x) in half
plane Imw>0, i1, (u) =u,[x(u)] and function x(u) is found
from Eq. (5).

We now construct the analytic function d¢/dv+idd/du.
The task of finding harmonic function ¢ (#,v) now reduces to
a known boundary-value problem on finding an analytic
function in the top half plane, when the real axis is subdivided
into segments, at which values of the real and imaginary parts
of the analytic function are specified in sequence. The
solution of this problem was found by Keldysh and Sedov,’
and for boundary conditions (7-9) has the form

- - -4 3¢/dv-
08 /30 +idd/du= [S-j W—‘j”_i’—(')dt
1 3 .
+S Mdr]+h(w) (10)
q —w
where
(=g 17k+ 1tI\" _(1+g 1/k—t\"
g'(t)_<’lt|+q 1/k— ltl) ’ gz(t)_(z—q'l/kw)
_[(w+q)-(w—1/k) 1%
g(w)—[(w—q)-(w+1/k)]
h(w) = Yo

[(w? =g?) (w2 = 1/K%)]"

Real constant vy, should be determined from conditions of
the specified load circuit; this will be discussed below.

Equation (10) yields the general solution of the problem of
distribution of the electric potential in a channel with non-
conducting baffles.

Current and Potential Difference

We designate the potential of the upper electrode by —¢,
and that of the lower electrode by + ¢,. Let us calculate the
potential difference between points Q and N (Fig. 2):

- Sl/k 3¢

N
SQd¢=_¢O=SQBNd¢= de= q Edu an

S QBN

Using Egs. (10) and (11), we obtain an expression for the
electrode potential ¢,:

b0 =1, +v,kK' (kq) 12)
where
1 (1 fu—q 1/k+u\%[(! d¢/dv-g,(1)
1= 1) (5 ) [[| B
T Jq u+q 1/k—u q t—u

_Sl 36/9v-1/g, (1) dt]du
q t+u

When the generator operates at a specified potential dif-
ference 2¢, between the electrodes, Eq. (12) serves for finding
the constant y,.

We calculate the load current

a 33
0

] Saa/h e S 3¢
——20 Jydx=2 E;du-i—u,;a 13)
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Fig. 2 Conformal mapping of a region onto the upper halif plane.
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Fig.3 Plot of I(a) for a specified load resistance (R =1).

where
aalh
Uge, =2§0 uy (x)ydx

From Egs. (10) and (13) we find expression for the load
current

I=2[1,, —v,kK(kq)]+ug, (14)
where
1(9/q—u I/k+u\%[(! 3é/3v-g,(t)
= (e ) L, e
wJdo \g+u I1/k—u

q t—u

“Sl ap/dv-1/g,(t) dt]du
q t+u

When the electrodes are interconnected through an external
resistance R, we have 2¢, = IR and obtain the expression

L +vokK' (kq) =1, —vokK(kq) +up,/21R (15)

which, for a given load resistance R, serves for determining
constant vy,.

Results of Calculations

The net current is a function of several parameters such as
the ratio of channel walls (a/h), size of nonconducting baffles
(@), electrode potential (¢, ), or load resistance (R) and also
the velocity distribution. It is hence desirable to show in
general form that the placement of nonconducting baffles in
the channel increases the current output. For this purpose, it
was shown by examining the asymptotic behavior of Eq. (14)
for small baffles (o« = 1, meaning also g = 1) that the expansion
of Eq. (14) in power series in (1 —«) is

I=I,+r’(1—a)+0(1—a)? (16)
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Here /, is load current when there are no baffles. When the
potential difference is specified, I, =2 a/h(1 — ¢,), and when
the load resistance R is given, I, =2a/(h+aR). Since in Eq.
(16) the coefficient of (1 —«) is positive, this means that the
placing of baffles increases the net current.

In our calculations, the velocity distribution u,(x) was
expressed as

coshm —cosh(mxh/a)

ug(x)y=m ;
mcoshm —sinhm

and when parameter m goes from zero to infinity the
distribution varies from the parabolic (Poiseuille distribution)
to the homogeneous.

Figure 3 depicts calculated curves of current / as a function
of size o of the baffles. At «=0 (the channel is completely
blocked by the baffles, Fig. 2) I(a=0)=0, however, the
decrease in the current to zero with increase of baffle size is
very slow. Since I(a=0)=0 and Eq. (16) is fulfilled at o =1,
curves I(«) have maxima. However, calculations show that,
as m is increased, whereupon the velocity distribution
becomes fuller, which corresponds to the case of a real MHD
generator, the curve of /(«) becomes flat without a sharply
expressed peak. The latter fact allows the conclusion that in
order to increase the net current it suffices to place small
baffles. This is important, since it can be expected that the
additional friction produced by placing these rather small
baffles will not be so high as to significantly lessen the benefit
of suppression of current flow reversal.
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Finite Deformation of
Anisotropic Plastic Rotating Disks

William W. Feng*
University of California, Livermore, Calif.

Introduction

OST rolled sheet metals exhibit variations of yield stress

and stress-strain relations with orientation, while the
sheet remains approximately isotropic in its plane. This
phenomenon was verified experimentally by Lilet and
Wybo.! Constitutive equations for anisotropic plastic
materials that harden according to a power law were
developed by Hill.2 The anisotropic property of the material
is measured by a strain-ratio parameter that is defined on the
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basis of a uniaxial test as the ratio of the transverse plastic
strain in the plane of the sheet to the plastic strain through the
thickness. The strain hardening property is characterized by a
constant that is the exponent of a power law relating the
effective stress and strain. These constitutive equations and
their influence on drawability of the degree of anisotropy and
on the strain hardening characteristics have been studied by
Budiansky and Wang.? Yang* has analyzed the stress con-
centration of circular sheets with imperfections using the same
equations. In this Note, these equations are used to solve the
nonlinear problem of rotating disks. The rotating disks
exhibit anisotropic properties in planes other than their own.
The material properties in the rotating plane are assumed to
be isotropic; therefore, the axisymmetric rotating disk before
deformation remains axisymmetric after deformation.

In the formulation and numerical calculations, large strains
and finite deformations are considered. The formulation is
similar to that used by Feng® in studying hyperelastic rubber
disks under various loadings. The strains in the radial and
circumferential directions are used as two dependent var-
iables. The governing equations are reduced to two coupled
first-order ordinary differential equations with explicit
derivatives, and further reduced with the boundary con-
ditions, to dimensionless forms. The equations with their
appropriate boundary conditions can be solved by any
numerical integration method. We have also introduced an
efficient numerical method that eliminates the iteration
scheme to satisfy the governing equations and the boundary
conditions. Stress and strain distributions for a solid rotating
disk are also included.

The results obtained in this paper can be applied directly to
the study of the mechanics of flywheels. The formulation and
numerical method can be extended to the whole class of
axisymmetric plane-stress and axisymmetric membrane
problems.

Formulation

A rotating disk of anisotropic plastic material before and
after deformation is shown in Fig. 1. A point p on the un-
deformed disk can be described by the undeformed polar
coordinates (r,8) . Point p is deformed to point P and can be
described by the deformed polar coordinates (R,0). For the
axisymmetric problems, © =6 and R is an unknown function
of r. In the analysis, the disk is assumed to be thin and the
plane-stress problem leads to a good approximation.

The strain in the radial, tangential, and normal directions
are defined respectively as

e, =M (dR/dr) €=t (R/r) €,=tn (H/h) (1)
where H is the thickness of the deformed disk and 4 (a con-
stant in this analysis) is the thickness of the undeformed disk.

The total stress-strain relations derived from Hill’s? in-
cremental relation for anisotropic plasticity are

o ]
6, =-|0,— —=oa
g 1+T

!
Fig. 1 Coordinates for a l\
rotating disk. \
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